TRUNCATIONS OF LEVEL 1 OF ELEMENTS IN THE LOOP GROUP OF 

A REDUCTIVE GROUP 



EVA VIEHMANN 



Abstract. We generalize the notion of Ekedahl-Oort strata to elements in the loop group 
of any connected reductive group, and call the resulting discrete invariant the truncation 
of level 1 of the element. We give conditions for the Newton points occurring among the 
elements of a given truncation of level 1 and especially for the generic Newton point in a 
given truncation stratum. We prove that truncation strata are locally closed and give a 
description of the closure of each stratum. We also translate our results back to the original 
Ekedahl-Oort stratification of the reduction modulo p of Shimura varieties. 



1. Introduction 

Let k be an algebraically closed field of characteristic p. Let L be either k((t)) or Quot(VF(fc)) 
and let O be the valuation ring. We denote by a : x i— ► x p the Frobenius of k over ¥ p r for 
some fixed r and also the associated Frobenius of L over F = F p r((t)) resp. Q p -r. Let Of be 
the valuation ring of F. We denote the uniformizer t or p of Of by e. 

Let G be a connected reductive group over Of- Then G is unramified, i. e. quasi-split 
and split over an unramified extension of Of- Let B be a Borel subgroup of G and let T 
be a maximal torus contained in B. Let K = G(0) and let I be the inverse image of B(k) 
under the projection K — > G(k). Let K\ be the kernel of the projection K — > G(k). Let 
W = Nt(L)/T(L) denote the (absolute) Weyl group of T in G where Nt denotes the normalizer 
of T. Let W = N T (L)/T(0) W x X*(T) denote the affine Weyl group. For each w £ W 
we choose a representative in Nt(0). We denote this representative by the same letter as 
the element itself. If M is a Levi subgroup of G containing T let Wm be the Weyl group 
of M and denote by M W resp. M W the set of elements x of W resp. W that are shortest 
representatives of their coset Wm%- Similarly, W M denotes the set of elements x that are the 
shortest representatives of their cosets xWm and accordingly for W . 

For b £ G(L) we call {g~ 1 ba(g) | g £ K} the -ftT-er-conjugacy class of b, and [b] = {g~ 1 ba(g) | 
g £ G(L)} the cr-conjugacy class of b. 

The aim of this article is to classify and describe the if-a-conjugacy classes of elements of 
Ki\G(L)/Ki. 

1.1. Comparison with Ekedahl-Oort strata. Let X be a p-divisible group over an alge- 
braically closed field k of characteristic p. Then the Dieudonne module of X is a pair (M, F) 
where M is a free VF(fc)-module of rank equal to the height h of X and where F : M — » M 
is a c-linear homomorphism. Here W(k) is the ring of Witt vectors of k and a denotes 
the Frobenius of W(k) over Z p . Choosing a basis for M we can write F = ba for some 
b £ GLh(W(k)[l/p]). A change of the basis amounts to cr-conjugating b by an element of 
GLh(W(k)) — K. As b is induced by the Dieudonne module (M, F), we have b £ Kp^K for 
some minuscule /i £ X*(T). Similarly, polarized p-divisible groups or abelian varieties lead to 
elements b £ GSp2n{W{k)[\/p\) for n equal to the dimension of the p-divisible group. 
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In |01j Oort shows that one obtains a discrete invariant of X (the so-called Ekedahl-Oort 
invariant) by considering the p-torsion points -X"[p], or equivalently by studying the reduction 
modulo p of the Dieudonne module M together with the two maps induced by F : M — » M and 
V = pF^ 1 : M — > M. In terms of the element b, this corresponds to considering the ifi-double 
coset. In other words, this situation is analogous to the above in the special case G = GLh 
or GSp2n and fi minuscule for O = W(k). A classification of the Ekedahl-Oort invariant (and 
more generally of G(fc)-orbits on a certain variety associated to a reductive group G over Z p 
together with a fixed Levi subgroup that is also defined over Z p ) using a similar subset of the 
Weyl group of the associated reductive group as we use has been given by Moonen and Wedhorn 
in [MW] . 

The classification of the if-cr-conjugacy classes of elements of K\\G(L) / 'K\ is given by the 
following theorem (which we prove in Section . The second part of the theorem establishes 
a relation between the subdivisions of K\\G(V)jK\ according to -ftf-tr-conjugacy classes and 
according to Iwahori-double cosets. Let us first introduce some notation. For a dominant 
\i £ Xk(T) let M M be the centralizer of /x and let = cr _1 ( M ' 1 W). Let = w w ^ where wo 
denotes the longest element of W and where wo,/i is the longest element of Wm^ ■ Let t m = x^ 
where & is the image of e under /i : G m — » T. Then r M is the shortest element of We^W. 

Theorem 1. Let b £ G(L). Let fi £ X*(T) be the unique dominant element with b £ Ke^K. 

(1) There is a unique w 6 such that the K-a-conjugacy class ofb contains an element 
of KxWTpKi. 

(2) Let w £ . Then each element of Iwt^L is 1 -a -conjugate to an element of Kiwt^K\. 

Definition 2. Let b G G(L). The pair (w,(i) as in Theorem[T]is called the truncation of level 
1 of b. 

Definition 3. Let /i 6 X*(T) be dominant, let w £ and assume that char(F) = p. Then 
let S Wl n be the reduced subscheme of the loop group of G^ p7 . such that S w ^(k) consists of those 
g £ G(k((t))) whose truncation of level 1 is (w, fx). 

Here the loop group of a group G over ¥ pr is the group ind-scheme representing the functor 
on F p .-algebras R >-> G(R((t))). 

For F = Q p r it is not clear how to define an ind-scheme having G(L) as its set of fc-valued 
points. However one can study the stratifications induced on the reduction modulo p of certain 
Shimura varieties (compare II. lj) . The main part of this paper is concerned with elements of 
G(L) for both cases or, whenever a scheme structure is involved, the equal characteristic case. 
In Section [S] we discuss applications to Shimura varieties. 

We show in Section [5] that the S Wt ^ are bounded locally closed subschemes of the loop group 
and that the closure of each stratum is a union of finitely many strata. The following criterion 
generalizes a corresponding result for Ekedahl-Oort strata by Wedhorn [Wj to our situation. 

Theorem 4. S W > 41 > C S w ^ if and only if there is a w £ W with ww't^io^)^ 1 < wt^ with 
respect to the Bruhat order. 

1.2. Truncations of level 1 and cr-conjugacy classes. One interesting open question about 
Ekedahl-Oort strata is to determine which Newton polygons occur in a given Ekedahl-Oort 
stratum. Recently progress towards answering this question has been made in two ways. In 
a series of papers IHalj . |Ha2j . Ha3J Harashita proves a conjecture of Oort ( |Q2j . 6.9) giving 
a characterization of the generic Newton polygon in each Ekedahl-Oort stratum in the moduli 
space of principally polarized abelian varieties. Besides, Gortz, Haines, Kottwitz and Reuman 
[GHKR study the intersections between Iwahori double cosets in the loop group of a reductive 
group and cr-conjugacy classes. In this paper we generalize the necessary results from [GHKR 
from split to unramified reductive groups. Together with Theorem [lj2) this allows to deduce 
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similar conditions for the intersections between the truncation strata and cr-conjugacy classes. 
Especially, we obtain a generalization of Harashita's theorem to the loop group of any connected 
reductive group. 

To formulate this generalization let us review Kottwitz's classification |K1| of the set B(G) 
of cr-conjugacy classes of elements b g G(L) which generalizes the notion of Newton polygons 
(compare also [RR , Section 1 for a more complete review of these results). Each cr-conjugacy 
class is determined by two invariants. One of them is given by a map kq : B{G) — > tt\ (G)r where 
tt i (G) is the quotient of X* (T) by the coroot lattice and where T is the absolute Galois group of 
F. There is the following explicit description for kg- Let b £ G(L) and let 7\b(&) = /z G X*(T) 
be the unique element such that b E Ke^U(L) where U is the unipotcnt radical of B. Then 
Kc{b) is the image of fi under the canonical projection from -X*(T) to 7i"i(G)r- The second 
invariant is the so-called the Newton point v = Vb of b, an element of (X*(T)q/W) T , the set 
of T-invariant VF-orbits on X*(T) ® Q. This invariant is the direct analog of the usual Newton 
polygon classifying F-isocrystals over an algebraically closed field. 

In [RRJ Rapoport and Richartz define a partial order on B(G) given by [b] ^ [b'] if and 
only if Kc(b) = Ka(b') and i/j, ^ vy. Here the second condition means that — Vb is a 
linear conbination of positive roots with coefficients in Q>o where vy and Vb are dominant 
representatives of the two orbits (compare Lemma 2.2 of loc. cit.). Their Theorem 3.6 shows 
that for each [b], the union of all cr-conjugacy classes which are less or equal to [b] is closed in 
the loop group. More precisely, they show a corresponding statement over a field F of mixed 
characteristic. The function field analog can be shown in a similar, but slightly easier way using 
properties of the affine Grassmannian, compare [HVj . Theorem 6.3. 

In Section[3]we construct for each cr-conjugacy class [b] a unique so-called minimal truncation 
type {wbiHb)- It satisfies WbT^ b £ [b] and a technical property (see Definition [7]) which ensures 
that IwbT^I is even if-cr-conjugate to uibT^ b . The element WbT^ b is also called the minimal 
element in the given class. This is a generalization of the notion of minimal p-divisible groups 
(as in [03] ) to our context (compare Section [6]). The following theorem is the function field 
analog for general G and /i of Oort's conjecture and also justifies the name minimal truncation 
type. 

Theorem 5. Let b G G(L), and let (w, n) be its truncation of level 1. Let WbT^ be the minimal 
element in the cr-conjugacy class ofb. Then WbT^ t € S Wtfl . 

From Theorem[SJ one can easily deduce the following corollary which gives a characterization 
of the generic Newton point in a given stratum S Wlli . 

Corollary 6. Let [b] be the generic a-conjugacy class in S w ^ for some w 6 . Then [b] is 
the maximal element in the set of a-conjugacy classes of minimal elements w't^i € W such that 
S w ',fj,' C S W4l . This is also the same as the maximal class [x] among all x € W with x < wt^. 

Here we use that S Wtfi is irreducible, so it contains a unique generic cr-conjugacy class. 

In the last section we give a translation of our results and their proofs back to the case of 
mixed characteristic. In particular, one obtains Oort's conjecture (as shown by Harashita) as 
well as generalizations to other cases of good reduction of Shimura varieties of PEL type. 

While finishing this article Harashita published a preprint |Ha4j in which he generalizes his 
proof of Oort's conjecture to also obtain an analog for some catalog of p-divisible groups in the 
non-polarized case. 

Acknowledgement. I am grateful to Ulrich Gortz, Xuhua He, Torsten Wedhorn, and Chia-Fu 
Yu for helpful discussions. Part of this paper was written during a stay at the Academia Sinica 
in Taipch which was supported by the Academia Sinica and by the Hausdorff Research Center, 
Bonn. I thank the Academia Sinica for its hospitality, support and excellent working conditions. 
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2. Truncations of level 1 



The goal of this section is to prove Theorem [TJ in particular we allow both the function field 
case and the case of mixed characteristic. The proof follows a strategy by Bedard, [B] . 

Proof of Theorem^ Let b G G(L). Then there is a unique dominant /i G X*(T) with b G Ke^K 
and 6 is X-u-conjugate to an element of the form box^e^ = 6ot m with bo G K . 

To show (1) we use induction on i to show that there exist a sequence of elements u.i € T'F 
and two sequences of Levi subgroups Mi, M- of G with the following properties: 

a) M = Mq = G, 

M[ = x^M^x- 1 and Mi = a' 1 ^), 
Mi = M|_! n a^iu^M^Ui-x), and 

M- = M{ n x^aiui^M^u^x- 1 = x^Ui^MiU^x- 1 for i > 0. 

b) ito = 1 and 

Ui = Ui-iSi for i > for some <5j G Wm' which is the shortest representative of 

c) 6 is if-c-conjugate to an element of KiUibiT^Ki with 6^ G M/(C). 

d) UiWu 1 Q W as in c) is uniquely determined by the if-er-conjugacy class of b in 

e) Let UibiT^ be as in c). Then m^-t^ with 6- 6 M-(0) is in the Zf-cr-conjugacy class of b in 
Ki\G(L)/ K\ if and only if modulo K\ the two elements bi, b\ are in the same M' i+l (k)- 
cr-conjugacy class in (U Pi+1 (k) n Ml{k))\M[(k) / (Up> Jji) n M[{k)). Here P i+ i is the 

parabolic with Levi subgroup Mi + \ which contains -B, and -P/ + i = x ll o~(uiPi+iu~ 1 )x~ 1 . 
Furthermore Up denotes the unipotent radical of a parabolic P. 

One easily checks that a) and b) imply that Mj 3 Mj+i, and M- D M/ +1 for all i. 

For i — 0, d) is obvious and c) has been shown above. For e) note that modulo K\, the effect 
of CT-conjugation of b^r^ by g £ J7p 1 (C) is the same as left multiplication of &o by 5. Right 
multiplication of 60 by an element of U-p' (0) corresponds to multiplying bgr^ by an element of 
e~ f *Up i (0)e fi C ifi. Finally if an element g G K conjugates b^r^ into Mq(0)t^ = Ke^, then it 
is in K ("1 e~> 1 Ke tJ/ . Decomposing g into factors in Up 1 (0), e~^U-p i (0)e tl and Mi(O) shows e). 

We have to show that a)-e) for some i imply the same properties for i + Let bi be as in 
c). We decompose bi using the Bruhat decomposition to obtain that bi G Pi+i(0)5i+iP' i+1 (0) 
for some 5i+i as in b) and with Pj+i and -P/ +1 as in e). By e) we may assume that the factors 

in P i+ i(0) and P i+1 (0) lie in M i+ \{0) and M' i+1 (0), respectively. After cr-conjugating u^r^ 
with the factor in UiMi + \{0)u~ l we obtain c) for i + Property d) follows from the uniqueness 
of the Bruhat decomposition together with d) and e) for i. It remains to show c). Multiplication 
of b l+ i on the left with an element of u^ l a- 1 {U Pl {0))u l+1 n M[ +l {0) D U Pl+2 {0) n M/ +1 (C) 
corresponds to multiplication of itj+ifcj+iT^ on the left with an element of a~ 1 (Up 1 (0)) (~l 
Uj+iM l -_|_ 1 (0)it^r 1 . Thus it does not change the -ftT-cr-conjugacy class. Now we want to show that 
multiplication of b i+ \ on the right by an element of M' i+1 {0) n x ^{ui+xU-pi ^ (0)u^: 1 )x^ 1 = 
M' i+l (0) n U-p< (O) also does not change the if-c-conjugacy class of Ui + ibi + iT^. As M' i+1 C 
x^M^x^ 1 the multiplication of frj+j corresponds to multiplying Ui + ibi + \T^ = Ui+\bi + \x M e M on 
the right with an element of x^ 1 M' i+1 (0)x p n a(ui + iU-p' (O)?/^). After cr-conjugating with 
this element (which is in K), we obtain an element of Ui+i(U-pi (O) (~l Mi + i(C))6i + ia: M e' 1 . As 
6i+i G Af/ +1 (0), the element lies in Ui + ibi + i(U-p> (O) n A/i + iM I '_ | _ 1 (0))x M e AI . Using induction 

and Mi+iMj-ij C M| we obtain that this is contained in the same class as Ui+ibi+ix^e^. The 
other direction of e) is shown in the same way as for i = 0. 
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As the sequences Mj, M[ are decreasing families of Levi subgroups, they become constant 
after finitely many steps. Thus for n sufficiently large, x^a^nM^u^^x^ 1 = M' n = M' n+1 . 
Especially, M n = M' n . Besides, M n C Mi = a~ 1 (M tl ). Using a variant of Lang's theorem we 
see that each element of u n M' n (0)T^ is M n (0)-cr-conjugate to u n T^. Results of Bedard B], 
or Lusztig (|LJ, (d) in the proof of Proposition 2.4) show that b) implies that u n £ W is the 
shortest representative of Wm^hWm' and thus u n is the desired element of . 

We now prove (2). Each element of Iwt^I is obviously /-a-conjugate to some element 
g G wt^I. We have the Iwahori decomposition I = N^(0)Im Ki where Im —In M^(0) and 
where is the unipotent radical of P M = M^B. Applying this to the corresponding factor of g 
and using that e^'A^O) C (N^(0) n Ki)e^ we see that we may assume that g G wt^Imu ■ Thus 
it is /Mi-c-conjugate to an element of Im-lWT^ = Im^wx^ . As w G = Mx W, conjugation 
by w maps positive roots in Mi to positive roots (not necessarily in Mi). Hence we have 
w^ 1 Im 1 w C / (~1 (w Mi(0)w). Conjugation by wq maps all positive roots to negative roots, 
conjugation by wq 41 maps positive roots in M M to negative roots in M M (and vice versa) and 
leaves positive roots in A M positive. Hence 

hitwx^ = wx fl ((wx tl )~ 1 I Ml wx tl )e fJ ' 

C wx^Im^ n (wx fl )- 1 I Ml wx fl ))N^(0)e fi 

C wx^Im,, n {wx f _ i y 1 I Ml wx f _ l ))e tl K 1 . 

Iterating this argument we see that the clement g is i-c-conjugate to an element of Kiwx^IooC^Ki 
where Po = If] f] i>0 (Ad^ WXfi - ) -io-^ 1 ) l (M tJi (O)) and where Ad( wx ^~i denotes conjugation with 
the given element. As Po commutes with e M and satisfies (wx fJl )~ 1 cr^ 1 (I 00 )(wx fl ) = Po we 
can again apply a variant of Lang's theorem to obtain that each element of Kiuix^IooC^Ki is 
Po-er-conjugate to an element in Kiwt^Ki. □ 

3. Fundamental alcoves 

In this section we still consider both possible cases for P. We recall the definition of P- 
fundamental alcoves from [GHKR] . 13. 

Definition 7. Let P be a semistandard parabolic subgroup of G, i.e. a parabolic subgroup 
containing T but not necessarily P, and defined over Of- Let N be its unipotent radical and 
M the Levi factor containing T. Let N be the unipotent radical of the opposite parabolic. Let 
/ = InImIjj be the corresponding Iwahori decomposition. Then an element x G W defined 
over F is called P-fundamental if x G Wm, xImx^ 1 = Im, xI^jx^ 1 C In, and x~ l IjjX C 1-^. 

Remark 8. For x G W that are P-fundamental for some P, Gortz, Haines, Kottwitz, and 
Reuman show in GHKRJ, Proposition 6.3.1 that every element of Ixl is Per-conjugate to x. 

In [GHKR], Corollary 13.2.4 they show that each c-conjugacy class [b] of elements of G(L) 
contains an element of W which is P-fundamental for some semistandard P. 

Although their assertions are only formulated in the function field case, and for split groups, 
the argument carries over to our more general situation. 

Lemma 9. (1) Let x,x' G W be P-fundamental resp. P' -fundamental with [x] — [x']. 
Then x,x' are cr-conjugate under W , and in particular K -a -conjugate to each other. 
(2) Let b G G(L). The truncation type (wb,Hb) of the elements of [b] which are P- 
fundamental for some P is as follows. Let M v be the centralizer of the G-dominant 
Newton point v of [b], a standard Levi subgroup of G defined over Of- The element 
b is a-conjugate to an element b' of M v such that the M v -dominant Newton point of 
b' is equal to v. Then HM v {b') only depends on the G(L)-a-conjugacy class [b]. Let 



&o £ Wm v be the unique element with KM„(bo) — l^M u ip') and b /a/„&o — Im v - Here 
Im v = I Cl M V (L). Then bo 6 [b] and the truncation of level 1 of bo is equal to (wb,Hb)- 
(3) Let x £ [b] n W be P -fundamental for some P. Then x is Q -fundamental for a semis- 
tandard parabolic Q = MqNq if and only if x £ Wm q , the MQ-dominant Newton point 
vq of x is central in Mq, and (uq,q) > for each root a of T in Nq. 

The element bo is also called the standard representative of [b). Note that v (and hence M v ) 
are invariant under a. 

Proof. We first show (3). Let x be P- fundamental and let P = MN where M is the Levi 
factor of P containing T. Let M 1 be the centralizer of the M-dominant Newton point of x. 
As xImx" 1 = I Mi the Newton point of x is central in M and hence M C M'. Let P' be 
the parabolic subgroup generated by M' and N. Let N' be its unipotent radical. Hence 
P 1 D P and N' C N. Thus in order to show that x is P'-fundamental it is enough to verify 
xIm'X -1 —Im 1 - We consider the decomposition Im* = -fM-^iVnM'-f^nM' - Each of the subgroups 
M, N fl M', iV D M' is stable under x, so we can consider each factor of Im> separately. For Im 
the assertion is just the assumption. For ZjvnM' we have x r lNc\M'X~ l Q Inhm 1 for every i > 0. 
For i with 6 X„{T) we have equality because then {a,x l ) = (a,iv) = for every root of T 
in M' . Considering the whole chain of containments we obtain equality for every i. A similar 
argument applies to N n M 1 . It remains to show that if Q C P' is as in the assertion, then x 
is Q-fundamental, but this is obvious. 

Let P, P', x, and x' be as in (1). Let P = MN. By (3) we may assume that M is equal to 
the centralizer of the M-dominant Newton point of x and analogously for P' . As [x] — [x'], 
their G-dominant Newton points coincide and kg(x) = kg(x'). Note that the Newton point 
of x together with Kaix) determines km(x). Hence there isatoG W , invariant under u, that 
conjugates Im to Im' , and also the values of km, km' to each other. As x is uniquely determined 
by km(x) and the condition that xImx^ 1 = Im, we obtain (1). 

The description of x in terms of M given above also implies (2). □ 

Definition 10. The element WbT^ b as in Lemma|l](2) is called the minimal element of [b], and 
(w, /Lt) is called the minimal truncation type of [&]. 

4. A NON-EMPTYNESS CRITERION FOR THE INTERSECTION WITH A GIVEN (T-CONJUGACY 

CLASS 

Remark 11. By Theorem [T] (2), S WtlJ , has nonempty intersection with some a-conjugacy class 
[b] if and only if [b] n Iwt^I ^ 0. Besides, the generic er-conjugacy class in S Wtfl coincides with 
the generic class in Iwt^I. 

Proposition 12. Let b e G(L) and let Xf, S W H [b] be a P -fundamental alcove for some 
semistandard parabolic subgroup P of G. Let M be the Levi component of P containing T. Let 
x G W with b G Ixl. Then there is a w G M W with w~ 1 XbO~(w) < x in the Bruhat order. 

Proof. Let N be the unipotent radical of P. Let I' be an Iwahori subgroup of G of the form 
I' = vlv^ 1 for some v G W and such that its reduction modulo t lies in P(k). Let g G G(L) 
with g~ 1 XbO~(g) = b G Ixl. Using the Iwasawa decomposition and the Bruhat decomposition 
we write g = nmi\wii with n G N(L), m G M(L), i\ G I', ii G /, and w G W. By the Iwahori 
decomposition, i\ G P(0)K\. As w^ 1 K\w G J, we may assume that i\ = id. Furthermore we 
may assume that ii = id without changing the property g~ 1 XbO~(g) G Ixl. Thus g = nmw with 
g~ 1 Xba(g) G PzP. Finally we may assume that w is of minimal length in its coset Wmvj. We 
have 

(1) g~ 1 Xb<j{g) = w^ 1 m^ 1 [n _1 .Tf,cr(n)a;|j" 1 ] Xbcr(mw). 

We abbreviate the expression in the bracket, which is in N(L), by n. 
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Let Af be the loop group associated to N over k, i. e. the group ind-scheme representing the 
functor on fc-algebras R h- > N(R((t))). Let \ G X*(T) be central in M and such that (a, x) > 
for every simple root a of T in N. Let 

0:Ai\{O} - A/" 

a i > x(a)nx(a) _1 . 

Let a be a root of T in iV and let f/ Q denote the corresponding root subgroup. Conjugation 
by x( a ) maps U a {y) to U a {aPy) where j — (a,x) > 0. Especially (j) has an extension to a 
morphism <fr : — > TV that maps to id. As x( a ) is central in M, 

w~ 1 m~ 1 <j)(a)xbcr(mw) = (w~ 1 x(a)w)u> _1 m~ 1 hxbO-(mw)(a(w)^ 1 x(a) _1 c(w>)) 

for every a ^ 0. Using ([T]), we obtain that this is in Ixl. Hence 

w~ 1 m~ 1 (f)(0)xbcr(mw) = w~ 1 m~ 1 Xb<r(mw) G Ixl . 

Let 1m — I H M(L). The minimality property of in implies that for any positive root a of T in 
M the root (3 with w~ x U a w = Up is also positive (although not necessarily in M). As J and 
M are defined over Of, the same holds for a(w). Thus 

w^ 1 lM'rn 1 Xb(j{Tn)lM^{w) Q Iw~ 1 m~ 1 XbO~{mw)I C 7a;/. 

As is P-fundamental, it satisfies X},ImxZ = Im- Thus ImX^m is the unique closed Im- 
double coset of the form Im^Im with h G M(L) and Ku{h) = KM{%b)- It is contained in the 
closure of any other such double coset. Applying this to lMm~ 1 Xbo(m)lM we obtain 

W~ 1 lMXbhl<j{w) C Ixl. 

This implies w~ 1 xa(w) G 7x7. □ 

If G is split, the first (and largest) part of the proof of Proposition fT2l also follows from a 
non-emptyness criterion by Gortz, Haines, Kottwitz, and Reuman, [GHKR , Corollary 12.1.2. 

Corollary 13. Let [b x ] be the generic a-conjugacy class in Ixl for some x G W . Then [b x ] is 
the largest (with respect to the order described in the introduction) among the classes [y] where 
y G W with y < x in the Bruhat order. It is also equal to the largest the [y] where y < x is in 
addition of the form y = w^ 1 za(w) for some P-fundamental alcove z for some semistandard 
P = MN and where w G M W . 

Proof. This follows from Proposition [T^] using the Grothendieck specialization theorem [RRJ , 
Theorem 3.6 together with the fact that the generic er-conjugacy classes of 7x7 and 7x7 coincide. 

□ 

Proof of Theorem [5| and Corollary Theorem [5] and Corollary [5] follow from Proposition 1121 
and Corollary [TUl by Remark [TT] □ 

5. Closure relations 

Lemma 14. (1) Each S W4l is bounded and admissible, smooth and irreducible. 

(2) The closure S w ^ of S Wifl is a union of finitely many strata S w /^i. 

(3) S w>ll is locally closed. 

(4) go G G{L) is in S Wifl if and only if it is K -a -conjugate to an element of Iwt^I. 

Here by admissible we mean that the subscheme is invariant under some bounded open 
subgroup of the loop group. We call an admissible subscheme X smooth resp. irreducible if 
the same holds for X/K for some (and then every) such subgroup. 
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Proof. The stratum is bounded because it is contained in Kt^K, and admissible because it is 
invariant under K\. The other two assertions of (1) follow as S w ^jK\ is a single if-cr-orbit. For 
the second assertion note that S w ^ is invariant under -R"-er-conjugation and under multiplication 
by K\ on both sides. Thus it is a union of strata. The union is finite because each of these strata 
S W ' tlJr i has to satisfy // ^ /i. (3) follows from (1) and (2). In (4) the second condition obviously 
implies the first. Now let go £ S Wt/M . Thus there is a g £ G(k[[z]] ((£))) such that its reduction 
modulo z is equal to go and such that its image g v in G(k((z))((t))) is in S Wtfl . Hence there 
is an h £ G(k({z)) als [[t]]) with h~ 1 g ri <r(h) £ K l k ^ z y ja .i g wT fJ _K l k ^ z ^i ii . Here fc((z)) alg denotes 
an algebraic closure of k((z)). Modifying h by a suitable element in K l k ^ z ^ B .i s we may assume 
that it is defined over a finite extension of k((z)). We may replace k((z)) by that extension 
and thus assume that h is defined over k((zj) itself. As K/I = G{k)/B{k) is proper, there is 
a fc[[z]]-valued point of K/I such that the induced fc((z))-valued point coincides with the one 
induced by h. Let h £ G{k^z, t]]) be a lift of that point (which exists because k[[z]] is local). 
Denote by ho and h v the images in G(fc[[f]]) and G(A;((z))[[t]]), respectively. As the generic 
points of h and h coincide up to an element of Ik(( z ))i we obtain that h~ x g^uih,^) £ Iwt^I. 
Hence h ~ 1 goho £ Iwr^I which proves (4). □ 

Before proving Theorem [4] we need some preparations. 

Remark 15. If x, y, z £ W with x £ Iylzl then x = y'z for some y' < y. Indeed, this follows 
by induction from Isilzl C Izl U IsizI for each (finite or affine) simple reflection s, (see also 
|Hej . Lemma 4.2). 

Lemma 16. Let M be a standard Levi subgroup of G and let x £ M W . Let y £ W. Then y > 
wxa(w)~ 1 for some w £ Wm if and only if there are u, v £ Wm with v < u and y > mxct(u) -1 . 

We follow the proof of [He , Proposition 3.8, a similar result for finite Weyl groups and 
without the cr-action (but allowing disconnected groups). 

Proof. We use induction on the size of the Levi subgroup and thus may assume that the 
statement is true for all M' C M. We use a second induction on the length l(u). We write 
x = ab with a £ M W ("1 W a{M) and b £ W a{M )- Setting M' =Mn acr(A/)a" 1 we decompose u 
as ui«2 with u\ £ W M and u-i £ Wm 1 as well as« = v\V2 with Vi < Ui and l(v) — l(v\) + I(v2). 
Note that our choice of a implies that M' is again the Levi factor of a standard parabolic 
subgroup. We consider two cases: 

Case 1: u% = v% = 1. In this case u and v are in Wm', and x £ M W. If M' ^ M, then the 
assertion follows from the induction hypothesis. If M' = M = aa(M)a~ 1 , then since ab £ M W, 
we have that 6=1. Thus uxa(v)^ 1 > x which implies the assertion. 

Case 2: u\ ^ 1. In this case l{u-i) < l(u). By induction hypothesis, there is an x' = 
u' xolu')^ 1 < U2XO~{v2)~ 1 ■ Let v% < v\ be such that x'a^v^) -1 is the unique element of min- 
imal length in {x'a(v')- 1 \ v' < v x }. Then l(x' 'ct(w 3 )" 1 ) = l(x') - l(v 3 ) and x'a^y 1 < 
U2xa(v2)^ 1 (r(v3)^ 1 < U2xa(v)~ 1 . We can write xa^)^ 1 — a/3 with a £ Wm 1 and (3 £ M W 
(see for example Lemma 3.6 of [He] ) . Thus l(u\U2xa(v)^ 1 ) = l{uiU20tf3) = l{u\U20t) + — 
l{u\) + l{u2a) + l{(3) = l(u\) + l(u 2 aj3) = l(ui) + l{u2xa{v)" 1 ). As a;'f7(t;3) _1 < U2xa(v)^ 1 and 
V3 < vi < ui, we have {v^u^xa^^u')" 1 — V3x'a(v3) < mxct(u) -1 < y. □ 

Proof of Theorem^ We have to show that (w',fi') is the truncation of level 1 of an element 
of Iyl for some y < wt^ if and only if it is of the form in the theorem. The if part is 
obvious. For the other direction we use an approach which is similar to the proof of Theo- 
rem [T] to compute the truncations of level 1 occurring in the cosets Iyl for y as above. We 
decompose y as wit^w^ with Wi,w[ £ W, jj! dominant and such that the lengths of the 
three elements add up to that of y. Each truncation of an element of Iyl already occurs in 
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Iy = IwiT^'W^, and thus also in a~ 1 (w' 1 )IwiT fi r . By Remark ll5l each such element is contained 
in la (w'^wit^iI for some o~~ (w'i) — a \ w 'i)- This is equivalent to w[ < w[ as / is invariant 
under a. Replacing y by a smaller element we see that we may assume that w'i = w[ and that 
l(a^ 1 (w' 1 )wiT fl i) = IfwiTu'W'i) = 1(wi)+1(tij,') + 1(wi). Thus we have to consider the truncation 
types occurring in <r -1 (w'^wit^ I . It is enough to show that for each such type (w',fj/) there 
is a u G W with uw't^'U' 1 < a^ 1 (w' 1 )wiT fJi i. Indeed, then there is a v\ < a^ 1 (w' 1 ) such that 
Vi 1 uw , T tl iu~ 1 a(vi) < wit^iw^. By Lemma ITHl it is furthermore enough to show the following 
claim. 

Claim. Let (w/,//) be the truncation of level 1 of an element of Ixt^I for some x G W. 
Then there are v < u G o~ (Wm ,) with Wr^cr(v) _1 = xTy. 

We use induction to define a decreasing sequence of Levi subgroups Mj C <j~ 1 (M fJi i), and 
elements Ui G ct~ 1 (Wm^ ) n W^ Mi and < with UiXT^a^i)^ 1 — y-j^ G W^. ■ for 
some ?/i and such that yiT^l contains an element of truncation type (u>',/x'). Recall that 
v W = cr _1 ( A/ f' W). For i = 1 we choose M\ = a^ 1 (AI tJi >), and u\=V\ = 1. For the induction 
step we decompose yi as y^r^ with y- G W 7 ^. and Ci-ry G p If . Let Mj + x = H 
(cia; /i ')cr(Mi)(ciX /J ') _1 . We decompose y[ as with G H W Mi+1 and &i £ ^M i+1 - By 
er-conjugating the element of yiT^l of truncation type (w' , //) by a, we obtain (by Remark IT5|) 
an element of some IbiCiT^a{di)I with e?i < a.;. As 6 W Mi and a, S fl W Mi+1 , we have 
that Ui + i = UiCii G W * f< + 1 has length /(w^) + l{cii) and hence w^+i = Vidi < Uj+i. Furthermore 
by definition of Mj+i we have that biCiT^a(di) = yi+\T^ € W^. ^ VF for some For 

sufficiently large n, we have that M„ = M„ + i. If we set u = u n y' n and v — v n we have that 
Z(it) = i(tt n ) + l(y' n ), hence v < u. Furthermore, by Lang's theorem and Theorem Q] (2) , each 
element of y n T^'I is if-cr-conjugate to an element of Kic n T^i K\. Hence c„ = w' , which proves 
the claim. □ 

The following corollary to the theorem which considers the special case fi = // is analogous 
to results by He [He] and Wedhorn [W] . 

Corollary 17. S w >.fj_ C S Wtfl if and only if there is a w G a (Wm^) wi£/i ?i _:L w'a; M a'(w)x^ :L < 
w. 

Proof. Recall that Tp is the unique shortest element of the affine Weyl group lying in Kt^K. 
Especially, y < wt^ with y G Kt^K if and only if y = w v t^ for some w y < w in W. From the 
theorem we obtain that S W ' ifl C S Wtfl if and only if there is a w G W such that w _1 w'r /i cr(w) = 
Wj,t m for some w y as above. Thus T^a{w) — ur M for some v G W 7 . As t p = a^i^ 1 we obtain 
v ~ x fJ ,a(w)x~ 1 and cr('u;) G Wm^- D 

Recall that we have a bijection between the set B(G) of cr-conjugacy classes in G(L) and the 
set of minimal truncation types. The following proposition generalizes Corollary 3.2 of |Ha2] 
where the case of polarized p-divisible groups is considered. In Harashita's papers, it is used as 
a step in the proof of the analog of Theorem [5] whereas we first proved the theorem and now 
use it to deduce the proposition. 

Proposition 18. Let {w.ji) and (w',n') be the minimal truncation types associated to two 
a-conjugacy classes [b] and \b'\. Then S w ^ C S w /^i if and only if [b] C [&']. 

The closure of [b'] is a union of cr-conjugacy classes. By [RRj . Theorem 3.6 a necessary 
condition for [b] C [b 1 ] is that [6] < [&'], i.e. Ka(b) = nc{b') and Vb r< Vb'- It would be interesting 
to know if this condition is also sufficient. 

Proof. Let g G G(k[[z]]{{t))) such that g k((z)) G [b'\ and g k G [b]. Let h G G(fc((z)) al s((i))) 
with /i _1 5fe(( z ))(7(/i) G Iw't^'I. Here k((z)) als denotes an algebraic closure of k((z)). The 
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closed Schubert cell in G / 1 containing h is a scheme of finite type. Thus replacing h by some 
representative of Wfc(( z ))aig we may assume that h is defined over a finite extension of k((z)). 
Replacing k[[z)] by its integral closure in that extension we may assume h € G(k((z))((t))). 
Also, as the closed Schubert cell is a proper subscheme of G/I, the class hi contains an element 
of G(fc[[z]]((i))) which we again denote by h. Then g = h^gtr^h) E G(k[[z]] ((<))) with gk{{ z )) £ 
Iw't^'I C S w i iM ' and g^ € [6]. Hence S w >^' contains an element of [6] and thus by Theorem [5] 
also the stratum S W4l . □ 



6. Relation to Shimura varieties 

In this section we show how Theorem [S] can be applied to the Ekedahl-Oort stratification on 
the moduli space A g of principally polarized abelian varieties of dimension g in characteristic 
p > 2. The same considerations work for other good reductions modulo p of Shimura varieties 
of PEL type (except for the last corollary where one needs further input). 

From an element of A g (k) we obtain a polarized p-divisible group, and the considerations in 
Section [01 show that the Ekedahl-Oort stratification (as in [Olj ) induced by these p-divisiblc 
groups coincides with the stratification that one obtains by considering the truncations of level 
1 of the corresponding elements of G Sp2 g {W (k)[l / p\) . Note that by |MWj the index set for the 
Ekedahl-Oort stratification of A g can be identified with where /j, is the minuscule dominant 
element given by the Shimura datum and where W is the Weyl group of GSp2 g - Let S w be the 
subscheme of the reduction of A g corresponding to w S . 

Remark 19. Comparisons between the Ekedahl-Oort stratification and the subdivision into 
Iwahori-double cosets as in Theorem [TJ2) are also used in the theory of moduli spaces of 
abelian varieties, see for example [EG] , Corollary 8.4 (iii) or |GY| . 9. 

Next we want to show that a p-divisible group is minimal in the sense of Oort if and only 
if the i^-cr-conjugacy class of the element determining the Frobenius on the Dieudonne module 
contains a minimal clement as in Section [3J We recall the notion of minimal p-divisible groups 
from [03] . Let X be a p-divisible group over an algebraically closed field k and let (M, F) be its 
Dieudonne module. Let N — M[l/p]. Then X is called minimal if the endomorphisms of (M, F) 
are a maximal order in the endomorphisms of (N, F). There is a unique isomorphism class of 
minimal p-divisible groups in each isogeny class of p-divisible groups. Explicitly, if X is minimal, 
its Dieudonne module is isomorphic to a Dieudonne module of the following form. There is 
a decomposition of the rational Dieudonne module into simple summands N = N; such 

that M = ®'. =1 M n Nj. Let A, = m/hi with (m,hi) = 1 be the slope of N,. Then M n N, ; 
has a basis e\,...,e l h . such that F(e l j) = e*- +n . . Here we use the notation ej +h . = pe*. 

Let now /j = e l hi+1 _j. Let h = dimN. One easily checks that if we write F = ba for 
b E GLh(L) with respect to the basis /-/•, . . . , , ff, . . . , then b is contained in the Levi subgroup 

M given by the decomposition N = N^. Furthermore, if /i denotes the M-dominant Hodge 

polygon of b (with respect to the choice of the upper triangular matrices as Borel subgroup), 
then pi E {0, l} h is minuscule and b — t^.m satisfies bl^jb^ 1 = Im- Hence by Lemma [HI (2) 
a p-divisible group is minimal if and only if it corresponds to the if-a-conjugacy class of a 
minimal element. 

Note that using this correspondence we see that Proposition 6.3.1 of [GHKR] (see also 
Remark |5]) implies the main theorem of 03 that all elements of the Ekedahl-Oort stratum of 
a minimal p-divisible group are isomorphic to each other. 

One can use Theorem [5] to obtain 

Corollary 20. Let x be a k-valued point of S w for some w. Let xo E A g (k) be a point 
corresponding to a minimal p- divisible group in the isogeny class of x. Then xq E S w . 
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This has been conjectured by Oort |Q2j . Conjecture 6.9 and has been shown previously by 
Harashita in [Ha3] using different methods. However, the strategy applied here also leads to 
variants without polarization, or for p-divisible groups with endomorphisms. 

Proof. Let jU be the Hodge vector associated to A g . By the main theorem of [W] together with 
(6.4) of loc. cit. the closure relations between the strata S w are known to coincide with those 
between the corresponding strata S Wtfl in the loop group of G = GSp2 g - By Theorem [5] we see 
that in order to prove the corollary it is enough to show that the following property holds for 
any pair (k, v) where k S ~k\{G) and v G X*{T)<q/W are the parameters corresponding to some 
isogeny class of p-divisible groups: If S w intersects the isogeny class associated to (k, v) then 
S W4l intersects the c-conjugacy class in the loop group of G corresponding to the same pair 
(k, v). The first condition implies that Iwt^I (for / defined with respect to W(k)) intersects 
the cr-conjugacy class in G(W(k)[l/p\) associated to (k, v), the second condition is equivalent 
to the analogous assertion with W(k) replaced by k[[i\). There is a combinatorial description 
of these last two conditions in terms of the affine Weyl group ( GHKRJ, Proposition 13.3.1). In 
particular, the condition is independent of the choice of W(k) or k[[t]}. □ 

For the moduli space A g of principally polarized abelian varieties of dimension g in char- 
acteristic p > 2 we know by |EG) . Theorem 11.5 that each Ekedahl-Oort stratum which is 
not contained in the supersingular locus is irreducible. In particular, there is a unique generic 
Newton polygon in each Ekedahl-Oort stratum S w of A g . Then in the same way as for the loop 
group we can use the above result to determine this Newton polygon. 

Corollary 21. Let v be the generic Newton polygon in S w C A g for some w G . Then v is 
the maximal element in the set of Newton polygons of minimal elements x such that x G S w . 

Note that as long as G is split, the nonemptyness criterion |GHKR] . Corollary 12.1.2 also 
yields a corresponding necessary condition for nonemptyness of the intersection of a given 
Ekedahl-Oort stratum with a given Newton stratum. 
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